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Abstract 

We  describe  an  ideal  J„ti  generated  by  0{n)  polynomials  of  degree 
J  +  0(1)  over  4n  variables  such  that  every  Grobner  basis  for  J„d  with 
respect  to  degree-compatible  orderings  has  maximum  degree  a  d- 


1      Introduction 


This  paper  is  a  sequel  to  [8]. 

In  the  former  paper,  we  constructed  a  commutative  Thue  system  with  ~  2n  variables 
and  0{n)  rules,  each  rule  of  length  d+0{l)  that  'counts'  to  cf^" .  It  has  been  realized  since 
the  papers  of  Huynh  [4]  and  Mora-Moller  [7]  that  from  such  systems,  one  can  construct 
a  set  of  polynomicds  F  such  that  any  Grobner  basis  for  F  (with  respect  to  some  degree- 
compatible  admissible  ordering)  has  maximum  degree  that  is  double  exponential  in  n. 
The  relevant  theorems  (the  cited  papers  contciin  other  results  of  independent  interest) 
in  these  two  papers  are  somewhat  dissatisfactory  as  explained  in  [8].  The  present  paper 
is  an  attempt  to  correct  this. 

It  should  be  noted  that  there  is  as  yet  no  general  theorem  that  shows  that  any  Thue 
system  which  'counts'  to  d^^  with  the  above  parameters  will  automatically  yield  the  kind 
of  double  exponential  behaviour  we  desire.  Hence  one  must  exploit  particular  properties 
of  such  a  Thue  system.  As  in  most  lower  bound  residts,  determining  which  properties 
to  exploit  can  often  be  an  iUusive  search.  Since  the  underlying  construction  in  Yap  [8]  is 
simpler  than  the  Mayr-Meyer  construction  [5],  we  would  expect  that  a  complete  proof 
based  on  our  construction  to  be  simpler  than  those  attempted  in  [4]  and  [7]. 

Our  lower  bound  is  also  a  qualitative  improvement  on  [4],  [7]  since  our  construction  uses 
fewer  variables  thaji  that  of  Majrr- Meyer.  This  qualitative  improvement  is  important 
in  the  research  effort  to  determine  the  asymptotic  worst  case  behaviour  of  Grobner 
basis.  The  recent  result  of  Dube  [3]  shows  that  any  Grobner  basis  G  on  n  variables 
has  maximum  degree  at  most  d^  ,  where  d  is  the  degree  bound  on  any  set  of  generators 
for  (G).  The  result  in  the  present  paper  shows  that  the  maximum  degree  of  G  can 
essentially  attain  <f^"  ,  assuming  a  degree-compatible  admissible  ordering.  There  are  as 
yet  no  lower  bounds  for  other  admissible  orderings. 

This  paper  assumes  the  preliminary  section  of  [8];  some  familiarity  with  the  construction 
of  the  Thue  systems  So  and  Si  as  well  as  the  Basic  Lemma  found  there  is  expected.  The 
rest  of  this  paper  is  organized  as  foUows: 

In  Section  2,  we  prove  the  Value  Lemma  which  is  a  fundamental  tool  for  estimating  the 
degrees  of  assertions  of  Sq.  In  Section  3,  we  prove  that  the  set  of  assertions  of  Sq  forms 
a  tree  Tq.  In  Section  4,  we  consider  some  basic  properties  of  Grobner  bases  formed 
from  Thue  ideals  (i.e.  ideals  formed  from  Thue  systems).  In  Section  5,  we  prove  that 
the  reduced  Grobner  basis  Go  formed  from  So  must  have  double-exponential  degree, 
assuming  a  degree-compatible  admissible  ordering.  In  Section  6,  we  modify  Sq  to  a 
Thue  system  S[  which  yields  the  result  stated  in  our  abstract.  We  conclude  in  Section 
7. 


2      The  Value  Lemma 


Recall  from  [8]  that  the  Thue  system  So  has  the  following  six  (forward)  rules  and  their 
reverses: 

Start  Rules,  (fc  =  1,2,..., n) 

(Sl)^     Ao  Q.tarti^i.fc[pass]Ffc[inc]  BoAi  ("increment  rule") 

(S2),     AoBt  <?»tartFi.fc[pass]F,[dec]  ^^  ("decrement  rule") 

(S3)       g.taxt^o'    ►  <?ii^»h  ("finish  rule") 


Finish  Rules,  {k  =  1,2,...,ti  -  1) 
iFl)k      <?fiiii»hi^i.fc[dec]Ffc[inc] 

(F2);^     <?fi^i»h^i,fe[dec]ylfc 

(F3);,      Qfiai8hFi.fc[dec]F;.[pass].4fc 


FklpSiSi 


-*  (?8tart^o^i,fc[inc]Ffc[pass] 
("inc  =>  pass  rule") 

("pass  =>  pass  rule") 

^  Qsx^tAiF,_^[inc]F,[dec]Bk 
("pass  =>  dec  rule") 


Also  recall  the  initial  assertion  wq  is  given  by  Qgtart-^o-'^i.n+if^^c]- 

In  this  section  we  prove  a  very  useful  tool  for  estimating  the  Ak-  and  JB^-degrees  of 
assertions  for  the  system  Sq. 

Definition 

An  interval  {j,k],  1  <  j  <  k  <  n,  is  called  a  block  of  an  assertion  w  if  Fj,i[pass]  |  w  but 
for  all  intervals  {j',k']  that  properly  contain  \j,k],  we  have  Fji,fc'[pass]  'f  u;.  The  value 
of  a  block  [jf,  k]  of  it;  is  defined  by: 


fc-i 


y^(;,;:)  =  ^e(z).deg5.  («;)+. 


«(0)-degB„(uj) 
e(l) 


«=j 


if  J   =   1,   Qstaxt    I  If, 
if  J  =  1,  Qlijiish  I  IL', 

0  if  J  >  1,  /"j-ilinc]  I  It;, 

e(;  -  l)(e(j  -  1)  -  deg^^_,(«;))    if  j  >  1,  F,.,[dec]  |  u;. 


Note:     For  any  assertion  w,  there  are  integers 

0  =  ko  <  k^  <  ki  <  ...  <  K  =  n 


such  that  [l,A;i],[fci  +  Ij/ca],-  •• » [^r-i  +  l,K]  are  the  blocks  of  w.  Call  [A;j_i  +  l,ki]  the 
z'^  block  of  w.  Also,  let  deg^{w)  denote  deg^^{w)  +  degQ^{w). 


Value  Lemma 

Let  w  be  an  assertion  obtained  by  applying  only  forward  rules  to  the  initial  assertion 

(a)  For  any  fc  =  1, . . .  ,n,  if  Ffc[inc]  |  w  then  deg^^{w)  =  0 

(b)  For  any  block  \j,k]  of  w, 

.       /    ^_  /  K,(j,fc)  if     n[inc]  \w  , 

aegii^i^j  -  I  ^^^^  _  y^(^-^;t)    if     F,[dec]  |  w  . 

(c)  For  any  A:  =  1, . . .  ,n,  if  Ffe[pass]  |  w  then  deg^(zi;)  =  e{k). 

Proof  of  Value  Lemma 

The  lemma  holds  a.t  w  =  wq.  We  now  show  that  if  the  lemma  holds  at  w'  and  to'  — ♦  w  is 
a  forward  transition  then  it  holds  at  w.  If  this  transition  were  an  application  of  a  start 
rule,  this  is  easy  to  see.  We  next  consider  the  finish  rules  in  detail. 

Case  Rule  (Fl) 

We  consider  parts  (a),  (b)  and  (c)  of  the  lemma. 

(a)  It  suffices  to  check  that  degg{w)  =  0  for  i  =  1, . . .  ,k  —  1.  Note  that  [z,t]  is  a 
block  of  w  and  also  of  w'.  Since  deg^  (iij)  =  degg^{w'),  what  we  want  to  check  is 
a  consequence  of  the  stronger  statement 

deg,(iu')  =  0  and  K;'(i,i)  =  e(z). 

We  use  induction  on  i.   If  i  =  1,   Ku/(1,1)  =  e(l)  by  definition,  and  degi(io')  = 

e(l)-K,,(l,l)  =  0.  Ki>  1  ,  K„(i,0  =  e(i-l)(e(f-l)-deg^,_^K))  =  eW- 
Hence  deg,(tt;')  =  e(t)  —  K;'(i,i)  =  0. 

(b)  It  suffices  to  check  the  lemma  for  the  first  k  blocks  of  w.  The  first  {k  —  1)  blocks  of 
w  and  of  w'  are  [z,z],  for  z  =  1, . . . ,  fc  —  1.  Now  V^i{i,i)  =  e(t)  as  shown  in  part  (a), 
and  K,(i,z)  =  0  by  definition.  Hence  deg^{w)  =  deg(ti;')  =  e{i)  —  V^i{i,i)  =  0  = 
Vu,{i,i),  as  desired.  Now  consider  the  k^^  block  of  w.  This  is  [k,£]  if  the  (k  +  1) 


block  of  w'  is  [k  +  l,i].    Since  deg^{w)  =  deg^(iy'),  the  lemma  holds  for  the  fc*^ 
block  [k,l]  provided  V^{k,e)  =  V^,{k  +  1,1).  To  see  this, 

V^ikJ)     =    f  e(i).dega.(t.) 
i=k 
i-i 

i=k  +  l 

since  deg^  (tz;)  =  degjg_(u>')  for  all  i  and  deg^^fii;')  =  0  by  the  induction  hypothesis 
(a).  But  the  latter  expression  gives  us  the  definition  of  V^<(fc  +  1,^),  as  desired. 

(c)  We  only  need  to  check  that 

degfc(u;)  =  e{k). 

But  deg^(t(;)  =  deg;,(u;')  =  V^.{k,  k)  =  e{k  -  l)(e(A;  -  1)  -  deg^^_^(^,))  =  e{k)  since 
deg^^_^{w)  <  deg;j_i(u;')  =  0  by  the  proof  in  part  (a). 

Case  Rule  (F2) 


(a)  This  is  similar  to  rule  (Fl). 

(b)  For  some  i  >  k,  [k,£]  is  the  k^^  block  of  w  as  well  as  of  w' .  To  show  the  lemma  for 
this  block,  it  suffices  to  prove  V^(A;,£)  =  Vu,i{k,£). 

But 


and 


Vr^'ikJ)    =    X^e(f)-deg5.M  +  (e(fc-l)(e(fc-l)-deg^,_,(u.')) 

/-I 

=     ^e(z)-degB_(u;')  +  e(/c) 
i=k 

since  deg^_i(it;')  =  0.  The  equcdity  Vu,{k,l)  =  Ki>'(fc,^)  follows  from  the  observation 

degB  M  =  I  "^'^^/""'l    ,s    'i    '^^l'  (1) 

&B.V    ;       I   l  +  degs/u-')    if    z  =  fc.  ^  ' 

The  lemma  (part  b))  holds  for  all  the  other  blocks  using  the  same  reasoning  as  for 
Rule  (Fl).  This  part  holds  at  w  since  the  lemma  holds  at  w'. 


Case  Rule  (F3) 

(a)  As  before. 

(b)  K  [k,i]  is  the  fc'^  block  of  w',  this  divides  into  the  k^^  and  {k  +  1)"  blocks,  [k,k] 
and  [k  +  1,^],  of  w.  For  the  A;'^  block  of  w, 

V^{k,k)    =    0, 
degi,{w')     =     e{k)         (by  induction  hypothesis  (c)). 

Hence  deg;^(-u;)  =  deg^.(ti;')  =  e(fc)  —  V^{k,k),  as  desired.  For  the  {k  +  1)'*  block, 
it  suffices  to  show 

V^{k  +  l,l)  =  V^.{k,l). 

Now 

V^ik+1,1)     =       J2    e(i)-degs,H, 

i=k+l 

V^.{k,£)    =    Y.e{i)-degBS^')  +  e{k). 
i=k 

These  two  expressions  are  equal  since  equation  (l)  above  holds. 

(c)  This  part  follows  immediately  under  the  assumption  that  the  lemma  holds  at  w'. 

QED 

Recall  that  a  derivation  is  said  to  be  mixed  if  it  involves  both  forward  and  reverse 
transitions. 


Corollary  1   Assertions  derived  from  wq  using  simple  mixed  derivations  are  disjoint 
from  those  derived  from,  wq  using  forward  derivations. 


Proof: 

l{  Wq  —^  w  via  a  simple  mixed  derivation,  it  is  easily  checked  (cf.  [8])  that  BkFk[inc]  \  w 
for  some  A;  =  1, . . .  ,n  —  1.  The  Value  Lemma  (part  (a))  shows  that  such  w  cannot  be 
obtained  from  forward  derivations. 


QED 


Another  consequence  of  the  Value  Lemma  useful  for  the  application  of  the  Basic  Lemma 
is  this. 


Corollary  2   Let  w  be  derived  from  Wq  via  a  forward  derivation.  If  Qtiiii.thFi^k[<^ec]  \  w 
{k  =  1,. .  .,n)  then  degj(u;)  =  0  for  i  =  0,. . .  ,k  —  I. 

Proof 

It  is  easy  to  see  that  dego(w)  =  0.     For  i  >   0,degi(ti;)  =  e{i)  —  V^(z,i)  =  0  since 
V^(i,z)  =  e(i)  —  e(i  —  1)  •  de^^_^{w)  and  deg^^_j(ii;)  <  deg,_j(iu)  =  0  by  induction  on  i. 

QED 


3      Mistakes  and  the  Assertion  Tree 


Our  goal  is  to  show  that  the  set  of  all  assertions  of  So  forms  a  tree  rooted  at  wq  and  to 
give  some  insights  into  the  structure  of  this  tree. 

Let  w  be  well-formed.  A  transition  vj  —y  w'  is  called  a  mistake  at  level  fc  if  it  is  an 
application  of 

(a)  Rule  (F3)^when  deg^Ju;)  >  2 

(b)  Rule  (F2)fcWhen  deg^^{w)  =  1 

(c)  reverse  of  Rule  (Fl)|,. 

We  call  the  mistake  a  forward  (resp.  reverse)  mistake  in  case  (a)  or  (b)  (resp.  (c)).  The 
signature  of  the  forward  mistake  w  — >  w'  is  {k,m,)  where  deg^  (w)  =  m.  So  7n  =  1 
iff  the  mistake  is  type  (b).  For  completeness,  we  also  define  the  signature  of  a  reverse 
mistake  at  level  k  to  be  (fc,0).  Furthermore,  observe  that  in  einy  simple  derivation,  the 
first  application  of  a  reverse  rule  is  necessarily  a  mistake. 

We  had  in  the  first  paper  observed  that  after  a  reverse  mistcike  has  occurred,  any  simple 
derivation  can  only  continue  for  at  most  d+l  steps  and  these  can  only  use  reverse  rules. 
Furthermore,  the  continuation  is  unique.  We  record  these  remarks  in: 

Lemma  1  Every  sim.ple  derivation  D  starting  from.  Wq  consists  of  two  parts  Di  and  Dj 
where  D  =■  D1D2,  D\  is  a  forward  and  D2  is  a  backward  derivation.  Here,  D2  rnay  be 
empty.   Moreover,  D  contains  a  reverse  mistake  iff  D2  is  non-empty. 


QED 


Lemma  2  Let  1  <  k  <  i  <  n.  In  any  simple  derivation  from  wq,  after  a  m.istake  at 
level  k,  the  finish  rules  (Fl)^,  (F2)^  and  (F3)^  cannot  subsequently  be  applied. 

Proof 

This  is  true  if  the  mistake  is  a  reverse  mistake.  So  suppose  it  is  a  forward  mistake  with 
signature  [k,Tn).  II  the  mistake  is  w  —^  w'  then  by  the  VaJue  Lemma, 

degfc(io')  =  e{k). 

K  any  of  the  rules  (Fl)^,  (F2)^  or  (F3)^  were  applied  subsequently  to  an  assertion  w" 
then 

Qtix^ishFi,k[dec]\w" . 

Let  w'"  be  the  first  assertion  after  w'  where  <?fini8h-^i,fc[dec]|ti;"'.  By  the  corollary  to 
the  Value  Lemma, 

deg,(ii;"')  =  0  for  i  —  0,. . .  ,k  —  1. 

This  implies  by  the  Basic  Lemma  that  the  subderivation  from  w'  to  w"'  is  a  standard 
derivation  at  level  k. 

There  are  two  cases. 

Case  1  The  signature  {k,m)  is  in  fact  (fc,l).  Then  Qiini8h-fi,fc[dec]Ffc[pass]|it;"'  but 
Ak  'f  w'".  Then  no  rule  is  applicable  to  w'",  contradiction. 

Case  2  In  the  signature  (fc,Tn),  we  have  m  >  2.  The  subderivation  from  w'  to  w'"  is  a 
standard  derivation  and  i^fc[dec]|zi;'.  The  Basic  Lemma  (part  b)  implies  that  deg^  (w')  > 
e{k).  But  this  yields  a  contradiction  since 

=     e{k)  -  {m  -  1)  <  e{k). 

QED 

Corollary  3  Let  D  be  any  simple  derivation  from  wq.  If  D  contains  r  mistakes  where 
the  i      m.istake  occurs  at  level  k[i)  then 

k{l)>  k{2)>  ■■•>k{r). 

Furthermore,  all  except  possibly  the  last  mistake  is  a  reverse  mistake. 


Proof 

It  is  clear  that  after  a  reverse  mistake,  no  other  mistakes  can  happen.    Assume  the 
corollary  is  false.  So  for  some  t  =  1, ...  ,7-  —  1,  the  i'^  mistake  is  a  forward  mistake  and 


k{i)  <  k{i  +  1).   Hence  the  (i  +  1)'''  mistake  is  an  application  of  nile  {Tj)i,(i+i)     {j  = 
1,2,3).  This  is  impossible  by  the  pre'vious  lemma. 

QED 

Define  for  any  word  ty, 

n 

k=o 
Lemma  3  If  w  —*  w'  by  a  forward  derivation  then  A{w')  >  A(u;). 

Proof 

We  only  have  to  check  this  for  a  single  transition,  w  — +  w'.  But  it  is  easily  seen  that 
A(to')  >  A{w)  for  each  of  the  start  and  finish  rules. 

QED 
Corollary  4   Let  D  be  any  simple  derivation  from  Wq.    Then  D  is  repetition- free. 

Proof 

Divide  D  into  Di,£>2  where  D\  (resp.  D2)  is  a  forward  (resp.  reverse)  derivation.  There 
is  no  repetition  in  Di  (otherwise  we  get  two  occurrences  of  a  word  w  £  D^,  with  w  -^  w 
and  A(ii;)  >  A(u;)).  It  is  easy  to  see  that  D2  also  has  no  repetition.  D  is  repetition  free 
since  Di  and  D2  are  disjoint. 

QED 
Theorem  1   For  any  assertion  w,  there  is  exactly  one  simple  derivation  from.  Wq  to  w. 

Proof 

There  are  two  ways  in  which  a  simple  derivation  D  :  Wo  —*  •  •  •  —>■  Wm  =  li'  may  not  be 
uniquely  determined  by  xv.  Either  (a)  D  can  be  extended  into  a  simple  but  repetitious 
derivation 

Dl   :  U'o  -*•••-»  lt'„  —  ti'm  +  l    —  •  •  •  —  u^v 
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for  some  p  >  m  and  Wp  =  Wm  =  w  or  else  (b)  there  is  another  simple  derivation 

D2  '■  Wq  —*  Ui  ^^  U2  —^  •  •  •  —*  Uq  ■=  w 

and  D  ^  D2  but  neither  derivation  is  a  prefix  of  the  other.  We  had  shown  (a)  impossible. 
If  (b)  holds,  we  may  assume  without  loss  of  generality  that  tOm-i  7^  y-q-i-  There  ase  3 
cases. 

(i)  One  transition  Wm-i  — >  tu  is  forward  and  the  other  tUp_i  — »^  to  is  reverse.  This 
contradicts  the  result  that  assertions  reached  by  forward  derivations  are  disjoint 
from  that  which  has  some  reverse  transition. 

(ii)  Both  transitions  Wm-i  — *  w  and  iWp-i  — ♦  w  are  forward  transitions.  This  means 
one  is  an  application  of  (Fl)^and  the  other  an  application  of  (F2)^.  llwm-i  —*  w  is 
an  application  of  (F2)^then  wg  —•■•••  —>  i^m-i  -^  w  —*  Up_i  is  a  simple  derivation. 
Hence  Up_i  is  reached  by  forward  as  well  as  by  mixed  derivations,  contradiction. 

(iii)  Both  transitions  are  reverse  transitions.  This  means  one  is  an  application  of  reverse 
(F2)  and  the  other  an  application  of  reverse  (F3).  This  means  that  Wq  -^  •  •  •  —y 
Wm  — >  tu  — *•  Up_i  is  a  simple  derivation  consisting  of  three  parts:  a  forward 
derivation  followed  by  a  reverse  derivation  followed  by  a  forward  derivation.  Each 
part  is  non-empty.  This  contradicts  the  fact  that  simple  derivations  have  at  most 
two  parts,  a  forward  followed  by  a  reverse  derivation. 

QED 

We  form  a  tree  Tq  whose  nodes  consist  of  all  assertions  of  So  and  the  edges  of  To  are 
{w,w')  where  the  unique  simple  derivation  from  wq  to  w'  has  w  as  the  penultimate  word. 
Hence  tWo  is  the  root  and  Wao  are  among  the  leaves  of  Tq.  Call  Tq  the  tree  of  assertions. 
The  'trunk'  of  Tq  is  the  mistake-free  derivation  from  wq  to  tOoo-  AU  other  branches  of 
To  are  offshoots  from  this  trunk  caused  by  mistakes.  Moreover,  each  branch  is  uniquely 
characterized  by  the  signatures  of  its  mistakes.  Finally  note  that  for  any  two  assertions 
1^1  and  t02,  there  is  a  unique  simple  derivation  D  :  Wi—yw2.  We  write  distemce(tui,u;2) 
for  the  number  of  transitions  in  D. 


4      Grobner  Bases  of  Thue  Ideals 


Given  a  commutative  Thue  system  (S,  5),  we  may  form  a  set  of  polynomials  Fs  Q.  Q[S] 
where  (a,/?)  G  5  iff/?  — a  G  Fs.  We  call  polynomials  of  the  form  (3  — a  Thue  polynomials 
and  an  ideal  generated  by  such  polynomials  Thue  ideals. 

For  a  background  on  Grobner  bases,  see  for  example  [l]  [6].  We  fix  <  to  be  any  admis- 
sible ordering  (i.e.    <  is  a  total  ordering  on  S®  such  that  for  all  u,v,w  €  S®,  1  ^  ^  ^^^ 


u  ^  V  ^  uw  ^  vw.)  For  any  polynomial  f  =  fi  +  f2  +  •  •  •  +  fk  where  fi  are  monomi- 
als, and  /i  5  ^2  5  ■  ■  ■  "^  f''  (^^^  ordering  <  is  extended  to  monomials  by  ignoring  the 
coefficients)  we  define  Htenn(/)  =  /i. 

Among  the  (finite)  generating  sets  for  an  ideal  /  C  Q[E]  those  sets  known  as  Grobner 
bases  for  /  have  particularly  nice  computational  properties.  Here  we  use  the  following 
characterization  for  a  set  G  C  7  to  be  a  Grobner  basis  for  I: 

Let  G  =  {gi, . . .  ,gm}-  For  all  /  6  /  there  exists  polynomials  fi,  ■ . . ,  fm  such  that 

m 

/  =  ^^dif*  ^^^  Htenn(/)  ^  Htenn(^i/i)  for  edl  i. 

In  this  paper,  we  are  only  interested  in  admissible  orderings  that  are  degree-compatible 
(also  called  total-degree  orderings),  that  is,  for  u,v  E  2®  ,  deg(u)  <  deg(v)  implies 
u  <  v. 

A  basic  concept  of  Grobner  basis  theory  is  the  reduction  relation.  If  /,  h  are  polynomials, 
a  set  of  polynomials,  we  write 

f  )^  h  (mod  G) 

if  for  some  g  ^  G,  amd  some  monomial  q,  aHtenn(p)  is  a  monomial  of  /  and  h  =  f  —  ag. 
We  say  /  is  reducible  by  G  in  this  case.  A  Grobner  basis  G  is  reduced  if  for  each  g  £  G, 
HterTn(5)  is  monic  (i.e.  coefficient  is  1)  and  g  is  not  reducible  by  G  —  {g}.  Buchberger 
has  shown  that  the  reduced  Grobner  bases  for  an  ideal  is  unique,  once  the  admissible 
ordering  is  fixed. 

Lemnia  4  If  G  is  the  reduced  Grobner  basis  for  a  Thue  ideal  then  G  consists  of  Thue 
polynomials. 

Proof  (Note:  this  proof  is  not  self-contained  in  this  paper  and  holds  for  any  admis- 
sible ordering.) 

Let  the  Thue  ideal  be  generated  by  the  set  F  of  Thue  polynomicJs.  Applying  a  smtable 
version  of  Buchberger's  algorithm  to  F  gives  us  the  unique  reduced  grobner  basis  G  for 
(F).  Each  member  of  G  —  F  is  obtained  as  the  5-polynomial  (not  defined  here)  of  two 
previously  computed  polynomials.  By  induction  on  the  number  of  steps  in  Buchberger's 
algorithm,  computed  polynomial  in  G  is  Thue  (using  the  fact  that  the  S-poljTiomiaJ  of 
two  Thue  polynomials  is  still  Thue). 


QED 


A  derivation  {wi ,  u;2,  •  •  • ,  w^)  is  descending  if  Wn  <  i^m-i  <  •  •  •  5  ^^^ ' 
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Lemma  5   Let  S  be  any  Thue  system  and  G  the  corresponding  reduced  Grohner  basis  for 
Fs-  Let  Vi  <  Ui  be  words.  If  Ui  —  Vi  G  {G)  then  there  exists  two  descending  derivations 


Ui    -^  U2   -*   ■ 

•  •  •  — »  Up  (mod5) 

Vl    -^  U2  -^   ■ 

■  •  •  — ►  V,  (mod5) 

where  p  >  2,q>  1,  and  Up  =  v,. 

Proof 

Ui—Vi  6  (G)  implies  ui—v-i  =  Y7i=i  "t5i  where  G  =  {^i,. . .  ,5,}  ajid  a^  are  polynomials 
such  that  ui  =  Htenn(-ui  — Uj)  ^  Htenn(Q,-^i)  for  all  i.  This  means  that  for  some  constant 
c  G  Q,  cui  =  Htenn(ai^i)  for  some  i.  U  gi  =  u'2  ~  V2)'''2  "^  ^2)  tlien  for  some  word  02i 
we  get  u'2^2  =  ^1-  Let  U2  =  ^2/92-  Hence  (ui,ti2)  is  a  descending  derivation  (modS) 
and  7X2  ~  ■Wi  =  (^1  ~  ^1)  ~  02i'^'2  ~  ■^2)  ^  (^)-  If  ^2  =  Vi  then  our  lemma  is  proved 
(with  p  =  2,  5  =  1).  Otherwise,  we  can  repeat  the  argument  using  the  polynomial 
U2  —  Vi  in  place  o(  Ui  —  Vi.  In  genered,  we  have  constructed  two  descending  derivations 
•Ui  —>  U2  —+...—*•  Up  and  Vi  —>  V2  —>...—>  v,  with  Up  —  v,  G  (G).  If  Up  —  Vq  =  0,  then 
we  are  done;  otherwise  Up  —  Vq  ^  0  and  we  extend  one  of  these  two  derivations.  Since 
there  are  no  infinite  descending  derivations  (a  basic  property  of  admissible  orderings), 
this  process  must  stop. 


QED 
Corollary  5   If  w—^w'  (mod5)  and  w  is  an  assertion  of  S  then  w'  is  also  an  assertion. 

Proof 

We  know  that  w—yw'  (mod5)  iff  to'  —  w  G  (G).  The  above  lemma  then  implies  that  for 
some  u,  w—^u  and  w'—*u,  both  (modS).  Hence  w—^u—^w'. 

QED 


Remarks 

It  is  interesting  that  Thue  ideals  are  generalizations  of  monomicd  ideals  since  rules  of 
the  form  a  — *^  0  translates  to  monomials.  Let  us  call  a  Thue  polynomial  that  is  not  a 
monomial  proper,  and  the  ideaJs  generated  by  proper  Thue  polynomials  are  called  proper 
Thue  ideals.  Then  it  is  not  hard  to  see  that  a  proper  Thue  ideal  has  a  Grobner  basis 
consisting  of  proper  Thue  polynomials. 
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5      The  Lower  Bound  based  on  Sq 

We  prove  the  following  results  about  the  system  Sq. 

Theorem  2  Let  Fq  =  Fs^  be  the  set  of  Thue  polynomials  corresponding  to  Sq,  and 
Go  the  reduced  Grobner  basis  for  Fq  with  respect  to  some  degree-compatible  admissible 
ordering   <  .   Then  there  is  some  /  G  Go  with  deg(/)  >  e(n  —  1). 

We  prove  three  more  lemmas. 

Let  Wn^i  be  the  set  of  all  assertions  divisible  by  F„_i[dec].  Define  an  equivalence 
relation  ~  on  W^n-i  where  tu  ~  lu'  if  there  is  a  derivation  from  w  to  w'  involving  oiJy 
assertions  in  Wn^i. 

For  any  two  words  w^w',  and  k  =  0, . . .  ,7i  define 


w  ,    .       ,w' 


difik{w,w')  :=  max{degfc(  —  ),degfc (-;;)} 

w  w 

where  w"  =  GCD[w,w').  Furthermore, 

diff  (ti;,u;')  :—  max{dif  f  fc(ti;,u;')  ;  A:  =  0, . .  .  ,n}. 

Clearly,  it;  — +  lu'  (mod5)  implies  some  rule  r  =  {a, (3)  G  S  has  size  >  dif i{w,w')  > 
diiik{w,w'). 

Recall  the  assertion  ii^oo  =  QiiniBh-F'i,n[dec]iv[inc]>lj/"^. 

Lemma  Qlfw^  ^n-i  ^"^  ''^  »*  not  ' — equivalent  to  lOoo  then  di±in{w,w')  >  e{n  —  1). 

Proof 

Pick  w*  G  Wn-i  such  that  lu*  ~  lo  and  distauice(ti;o5'"'*)  is  minimal.  This  u'*  is  unique. 
Let  w'  be  the  parent  of  w*  in  the  tree  Tq.  Then  the  transition  w'  — »  w*  must  come  from 
applying  (F3)^_j.  Moreover,  w  is  not  ~-equivalent  to  w^o  implies  this  transition  is  a 
mistake.  This  mejms  deg^  _  {w*)  >  1.  Since  no  more  application  of  (Fl-3)^_j  can  take 
place  after  io*,deg^  _  (w)  >  1. 

Applying  the  Value  Lemma  to  w  gives  us  deg„(u))  =  e(n)  —  deg^^_|(u;)  •  e(n  —  1)  < 
e(n)  —  e(n  —  1).  The  result  follows  since  deg„(u'oo)  =  e(n). 

QED 


Lemma  T  If  w  ^  w^  and  w  ~  w^  then  deg(iy)  >  deg(tOoo)- 


Proof 

Since  deg^{w)  =  deg„(u;oo),  it  suffices  to  show  that  for  some  k  =  0,. . .  ,n  —  l,degj^{w)  > 
degfc(u;oo)  =  0. 

U  Ffc[pass]  I  w  (resp.(5Btart  I  w)  then  deg;j(ru)  =  e{k)  (resp.  dego(ty)  =  d),  and  we  are 
done.  Otherwise,  for  some  k  =  1, . . .  ,n  we  must  have 

Qiiji±shFi,k[d6c]Fk[inc]  \  w. 

Now  A;  =  n  is  impossible  since  (by  a  corollary  to  the  Value  Lemma)  this  would  mean 
w  =  w^.  Similarly,  fc  =  n  —  1  is  not  possible  since  Fn_i[dec]  |  w.  But  if  fc  <  n  —  1  then 
by  the  Value  Lemma,  we  must  have  degj^(u>)  =  e{k)  >  0. 


QED 


Lemma  8  Let  w    be   an   assertion   distinct  from  Wac.      If  deg{w)    <    deg{woo)    then 
diff (lUjiOoo)  >  e{n  —  1). 


Proof 

We  have  three  cases  to  consider. 

Case  F„_i[dec]  |  w: 

It  is  not  possible  that  w  ~  w^o  since  this  implies  deg(to)  >  deg(tt;oo).  But  we  had  shown 
that  if  w  is  not  ~-equivalent  to  lUoo  then  dif  f„(uiU2)  >  e(n  —  1). 

Case  F„_i[pass]  |  w: 

Then  by  the  VaJue  Lemma  deg„_i(it;)  =  e(n  —  1)  and  so  di±fn.i{w,Woo)  >  e(n  —  1). 

Case  F„_i[inc]  \  w: 

By  the  VcJue  Lemma,  deg„(u;)  =  V^{n,n)  =  0.  Hence  diff„(io,K;oo)  >  e(n). 

QED 
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The  proof  of  theorem  2  is  now  rather  simple.  Since  wq  <  Wgo  and  w^o  —  wq^  (^^o),  there 
are  descending  derivations 

tUoo  — *  Ui  — »  •  •  ■  — !•  Up  (modSo) 
Wo  —^  vi  —*•••—*  Vg  (mod5o) 

with  p  >  1  and  Up  =  v,.  (Actually  one  can  show  that  Up  =  Wq  =  Vg.)  By  the  last  lemma 
diff  (lOoo,  Ui)  ^  e(n  —  1).  Hence  the  rule  of  Sq  that  caused  the  transition  Wgo  —*  Ui  has 
size  >  e(n  —  1).  This  implies  our  theorem. 


6      Main  Result 

The  system  So  is  not  quite  what  we  want  because  it  has  rules  whose  sizes  are  d  +  0{n) 
rather  than  d  +  0(1).  We  now  transfer  the  theorem  proved  in  the  preceding  section  to 
a  suitable  Thue  system  S[. 

Recall  from  Yap  [8]  the  system  Si  in  which  So  is  embedded.  Using  the  (n+  1)  additional 
variables  Lo,  ■  ■  ■  ,Ln,  the  rules  of  Si  are  an  "expansion"  of  those  in  Sq.  We  reproduce 
the  rules  of  Si  next,  for  convenience.  The  following  five  rules  replace  (Sl)-(S3): 

(Tl)  Lo  Qf^t^Ao  Li 

(T2)  Lk  QetartJ^fc[pass]>lo  i^^^  (A:  =  1, . . . ,  n  -  1) 

(T3)  LkAo  Q.tarti^fc[inc]  ^  LoBoAi  (fc  =  l,...,n) 

(T4)  LkBt  Q.tartFJdec]  Xo5o  (fc  =  l,...,n) 

(T5)      QataxtLoBQ      ►      Qlinish-^l- 

Similarly,  the  finish  rules  (Fl)-(F3)  becomes,  for  /:  =  1,2, . . .  ,n  —  1: 

(Gl)  XfcFfc[dec]  Qi±^>^_  Lk+iFk[inc] 

(G2)  QtinLsi.LkF,[inc] Q.t^IoA^Ffc[pass] 

(G3)  Qfi^i^^L.A,  F.lp^^ss]  Q,,^LoAiB, 

(G4)  Qtij.i>^LkFk[p^ss]Ak     ►  Qst^LoAiF,[dec]B, 

We  will  now  embed  Sj  in  a  new  system  S[  using  a  trick  mentioned  in  [8]:  we  replace 
the  4  variables  of  each  level  k 

Ffc[inc],  f;[pass],  Fk[dec],Lk 
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by  two  variables  Fk,Gk-  Recall  that  the  set  of  well-formed  words  of  Si  was  defined  to 
be  of  the  form  w  =  Lkw'  where  w'  is  a  well-formed  word  of  Sq  and  k  =  0, . . .  ,n.  Each 
well-formed  word  w  of  Sx  can  be  uniquely  expressed  in  the  form 


W  —  UqU\  . . .  tin  10 


where  Uj,  €  {Ffc[inc],Ffc[pass],Ffc[dec],ifc}®  for  k  =  l,...,n  and  Uq  G  {^o}®;  fur- 
thermore, w'  contains  no  occurrences  of  any  flag  or  level  variables.  CaU  such  u^  a  flag 
element  (at  level  k).  Each  u^  can  be  encoded  by  a  word  4>k{uk)  of  the  form 

FlG'r         (i  =  0,...,5). 

To  be  specific,  we  choose  i  such  that  i  is  odd  iff  Lk  \  Uk,  and  such  that  [1/2]  =  0, 1  or  2 
according  to  whether  Ffc[inc],Ffe[pass]  or  Ffc[dec]  divides  u^.  In  case  fc  =  0  we  pretend 
that  i^o[i3ic]  I  Uk. 

Then  we  define  the  map 

4>'{w)  =  4>o{Uo)  ■  ■  ■  <i>niUn)w'. 

The  rules  of  the  system  S[  caji  now  be  described.  The  rules  (Tl-5),  (Gl-4)  of  Si 
each  involves  flags  and  level  variables  from  exactly  two  levels.  Each  such  rule  caji  be 
"elaborated"  so  that  both  the  left  and  right  hand  sides  now  involve  flag  elements  at 
these  two  levels.  Furthermore,  each  rule  has  at  most  three  possible  "elaborations".  For 
instance,  (Tl)  can  be  elaborated  in  three  ways  into  the  form: 

LqFi  [color]  "^Btart  Li  Fi  [color] 

for  [color]  €  {[inc],  [pass],  [dec]}.  The  corresponding  rules  for  5|  are 

FoG^Gl         ^Bti^xt     GlFiGt 

FoGlF^Gl    ►    GlFlG\ 

FoGlF^Gl     ►    GlFl 


Similarly  (T2),  (T5)  and  (Gl)  can  be  elaborated  3  ways  each.  Rules  (T3-4)  and  (G2-4) 
have  each  a  unique  elaboration.  This  completes  our  description  of  5^.  It  is  clear  that  5{ 
has  4n  +  0(l)  variables  and  0{n)  rules  each  of  size  (i-f  0(1).  Recall  that  Sq  is  embedded 
in  Si  via  the  map:  4){w)  =  LkW  with  A;  =  0  if  Qstaxt  I  "^  a^id  A;  =  1  otherwise.  Hence  Sq 
is  embedded  in  S[  with  the  map  (^1  given  by  (/)i(to)  =  4>'{4){w)). 

By  definition  of  embedding,  the  fact  that  any  simple  derivation  Wo—>^w  in  the  system 
So  is  uniquely  determined  by  w  implies  that  any  simple  derivation  4>i{wo)-^4>{w)  in  the 
system  S[  is  also  uniquely  determined  by  4>{w).  It  follows  that  the  set  of  assertions  of 
S[  also  forms  a  tree  T^  rooted  at  4>i{wq). 
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As  usual,  any  assertion  of  S[  of  the  form  4>i{w),  w  an  assertion  of  Sq,  is  called  standard. 
Since  <^i  is  one-one,  the  inverse  map  4>^^{w')  is  well  defined  if  u;'  is  a  standard  assertion. 
We  extend  the  definition  of  4>i^  to  include  non-standard  words  as  foUows:  If  w'  is  non- 
standard, then  there  exists  a  unique  forward  transition  tuj  — >  luj  (mod5o)  such  that  w' 
occurs  in  the  unique  simple  derivation 

<f>i{wi)-^4>i{w2)     (mod5i). 

We  define  4>^^{w')  to  be  toi  in  this  case.  Of  course  <f>'^^  is  no  longer  one-one. 

We  note  that  following  simple  consequence  of  our  rules: 

(a)  If  u;  2aid  u;' are  assertions  of  5(  such  that  <f>i^{w)  =  4>^^{w')  then  deg(u;)  =  deg(iu'). 

(b)  deg(u;)  -  4(n  +  1)  =  deg(<^r'(^^))- 

We  now  prove  the  analogue  of  the  last  lemma  in  the  previous  section: 

Lemma  9  Let  w  be  an  assertion  of  S[  distinct  from  4>i[w^).  If  deg{w)  <  dcg{4>i{wgo)) 
then  diff{w,4>i{woo))  >  e(n  —  1). 

Proof 

We  note  that  deg(u;)  <  deg{4)i{wao))  iff  deg{4>i^{w))  <  deg{wao)-  Then  by  the  last 
lemma  in  the  previous  section,  diff{4>'[^ {w),Waa)  ^  e(n  —  1).  The  result  follows  since 

diii{w,4>^{w^))  =  di±i{4>:[\w),w^). 

QED 

By  exactly  the  same  argument  as  before,  we  conclude  that  if  Gj  is  any  Grobner  basis 
corresponding  to  S[  then  some  polynomial  in  Gi  has  degree  >  e(n  —  1).  Although  the 
system  S[  has  4n  -f  2  variables,  we  can  easily  reduce  this  to  An  variables,  at  the  expense 
of  increasing  the  sizes  of  the  rules  (but  with  the  sizes  still  d  +  0(1)). 


7      Final  Remark 


It  seems  that  one  should  be  able  to  directly  exploit  the  Thue  system  Sao  in  [8]  which 
uses  only  ~  2n  variables,  thereby  sharpening  the  lower  bound  proved  here. 

The  next  problem  to  be  solved  is  to  provide  a  lower  bound  that  is  independent  of  the 
choice  of  admissible  orderings. 
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